Abstract. This paper gives the exact bound of the continued fraction expansion of aθ+b cθ+d when θ has bounded partial quotients and h : x → ax+b cx+d is a Möbius transformation where all entries are integers.
Introduction
The article deals with the following problem: given a real number θ, it follows from the results of Raney [Ra] that if a, b, c, d are integers with ad − bc = 0, then aθ+b cθ+d has bounded partial quotients if θ does (see also [Ha] and [Sh1] ).
In [La-Sh] , the following result is obtained: let θ be a real number with continued fraction expansion θ = [a 0 ; a 1 , a 2 , . . . In this paper, the exact bound is given. Put
for all sufficiently large j. For instance, when D = 1000 and K = 2, the bound is 3731 instead of 4000 given in [La-Sh] , and in the well-known case of the multiplication by 2, the bound is 2K + 2 instead of 2K + 4. The proof uses a former result [St1] and transducers described in [Li-St] for computing the continued fraction expansion of aθ+b cθ+d . This expansion is given by a word where all letters are nonnegative integers which is transformed into a word where all letters are positive integers except perhaps the first one.
In Section 2, the transducer is described in detail. In Section 3, we prove that the bound is optimal and is attained when
and M = (
is a consequence of three lemmas: the first one gives arithmetical properties of the transducer and the other lemmas provide information when (0) is in the output of the transducer. 
Image by a Möbius transformation
We recall basic definitions and facts given in [Li-St] 
which is a word in A * . Moreover (00) is never a factor of this word. 
Real numbers with bounded partial quotients
In Lemma 1, we prove that the bound given in (1) can be attained. 
Lemma 1. Let K be a positive integer and x K the quadratic number defined by
x K = [1, K] = K+ √ K 2 +4K 2K . Put M = ( D 0
D−1 1 ) and let h be the Möbius transformation associated with M . Then
h(x) = [1; D − 1 + [Dy K ], . . . ].
Proof. By applying the transducer
Our main result is the following:
. . ] has bounded partial quotients and a *
The proof requires three technical lemmas. Lemma 2 gives more information about the transducer. 
The next lemmas give more information when we get (0) in the output of the transducer. 
